Double field theory is an approach for massless modes of string theory, unifying and geometrizing all gauge invariance in manifest O(D, D) covariant manner. In this approach, we derive off-shell conserved Noether current and corresponding Noether potential associated with unified gauge invariance. We add Wald-type counter two-form to the Noether potential and define conserved global charges as surface integral. We check our O(D, D) covariant formula against various string backgrounds, both geometric and non-geometric. In all cases we examined, we find perfect agreements with previous results. Our formula facilitates to evaluate momenta along not only ordinary spacetime directions but also dual spacetime directions on equal footing. From this, we confirm recent assertion that null wave in doubled spacetime is the same as macroscopic fundamental string in ordinary spacetime.
Introduction and Summary
String theory is known to possess enormous (possibly infinite-dimensional) symmetry that goes beyond the scope of conventional field theories. Double Field Theory (DFT) [1] [2] [3] [4] [5] is a new approach for keeping manifest the (R-valued extension of) O(D, D) T-duality symmetries as well as unifying and geometrizing all gauge invariance of the massless fields in string theory. It dispenses full-fledged string theory while retaining theory's most salient features, so the approach offers a novel and effective method for investigating stringy characters and gaining physical insights to intricacies of the string theory.
The novelty of DFT is doubling the spacetime dimensions at the benefit of geometrizing all gauge invariance of the graviton, Kalb-Ramond, and Yang-Mills fields (further the equations of motion are invariant under a constant shift in the dilaton field). These massless fields live in this doubled spacetime; not only vacuum configuration but also physical excitations above the vacuum extend through the doubled spacetime. Yet, the theory should be constrained such that actual mechanical degrees of freedom live on a middle-dimensional subspace of the doubled spacetime. Therefore, the DFT poses a novel question for how Noether currents associated with asymptotic symmetries of the massless fields and global charges associated with their physical excitations are measured in the doubled spacetime in O(D, D) covariant manner 1 . This work constitutes the answer we found for this question.
To be specific, we shall proceed with the Lagrangian formulation of the 'heterotic' DFT, whose field contents include the NS-NS sector coupled to Yang-Mills [6, 7] (c.f. [8] [9] [10] ). Our main result is summa- The first two terms in the integrand correspond to the NS-NS sector DFT version of the Noether (or Komar) 1 By the O(D, D) covariance of DFT, we just mean the counterpart to the GL(D) covariance of gravity.
potential and its counter-correction a la Wald [11] [12] [13] . The last term is the contribution of the Yang-Mills sector that is coupled minimally to the DFT. Using this formula, we can compute conserved global charges such as mass, doubled translational momenta, and angular momenta. We could also study the asymptotic symmetry algebra, which we relegate to a future work.
In gauge and gravity theories, symmetry currents and conserved charges play important roles in analyzing classical and quantum dynamics. In the Hamiltonian formulation, the Arnowitt-Deser-Misner (ADM) [14] approach constructs these conserved charges, which are related to Hamiltonian surface terms that should be added to constraints for well-defined Hamiltonian generators. Using this approach, their algebras were studied in a variety of contexts [15] .
In Lagrangian formulation with a well-defined action functional, which was developed after the Hamiltonian formulation, the conserved currents are derived by the Noether theorem and the global charges are obtained as hypersurface integral of the current densities. However, proper Lagrangian formulation of symmetry currents and conserved charges are often complicated by the background vacuum configuration and also by fall-off behaviour of dynamical excitations. This is because global symmetry is defined by the asymptotic symmetry set by the orbit of gauge or diffeomorphism transformations at infinity with the common asymptotic behaviour. In other words, a specific choice of the asymptotic boundary condition puts the true local symmetries to a subset of the full gauge or diffeomorphism group. If the quotient of the full gauge or diffeomorphism transformation by this subset is nontrivial, it defines the asymptotic symmetries associated with the chosen boundary conditions. For some representative works that touch on these issues in various dimensions and that deals with physical implications, see, for example, [16] - [20] .
The Lagrangian formulation for the symmetry currents and conserved charges [21] has the advantage of manifest covariance. In this formulation, however, the action may in general contain boundary terms, which play an important role. Though not contributing to the equations of motion, the surface terms contribute to setting boundary conditions. Accordingly, the asymptotic symmetries depend sensitively on the boundary terms in the action. Here is a good place to recall them in the context of the ordinary metric formulation of gravity. The well-defined variational principle that yields the Einstein's equation is provided by the Einstein-Hilbert action,
Here, Σ d is a general pseudo-Riemannian manifold with metric g as the second fundamental form, ∂Σ d is a (spacelike, lightlike or timelike) boundary of Σ d with induced metric h. The surface term, the Gibbons-Hawking term, 2 allows its variation to counter off variations of the derivative of the metric so that Dirichlet boundary condition for the metric suffices.
The action is not just for facilitating equations of motion as the condition for stationary configuration.
Associated with large diffeomorphism gauge transformations, one can construct conserved Noether currents and global charges from the action. The global gauge transformations have support at asymptotic
However, in order to be able to express them as surface integrals at ∂M d−1 , the metric should additionally obey Dirichlet boundary condition at ∂M d−1 . For instance, in asymptotically flat spacetime, the action must maintain the property that a physical excitation belongs to stationary configuration under all possible variations preserving asymptotic flatness.
With the Gibbons-Hawking surface term alone, the action renders its on-shell variation a non-zero surface term. However, the hypersurface where the requisite counterterm is embedded is forced to fluctuate and so its variation is no longer well-defined. This difficulty can be lifted by replacing the GibbonsHawking term by a new counterterm which is a local function of boundary metric and Ricci curvature only and hence independent of an embedding. A concrete proposal along this direction was put forward in asymptotic flat spacetime [22] - [24] and in asymptotic (anti) de Sitter spacetime [25] . Such counterterm renders a well-posed variational principle for all deformations of the metric consistent with asymptotic flatness. Furthermore, such a counterterm also facilitates the computation of conserved global charges in a procedure similar to that of Brown and York [27] .
To explain the Noether currents and conserved global charges, i.e. (1.1), in a self-contained manner and to apply them to various known string theory backgrounds, we organized this paper as follows. In section 2, we first review the semi-covariant formulation of DFT, closely following the formulation developed in [28] [29] [30] [31] . The formalism based on the semi-covariant derivative and its complete covariantization is essential to decode our results. Section 3 contains main results of this paper. We first derive an off-shell conserved Noether current, J A (3.26), and corresponding Noether potential, K AB (3.27), which originates from the generalized diffeomorphism invariance of DFT. Meanwhile, we also identify the DFT extension of the off-shell conserved Einstein curvature tensor, ∇ A G AB = 0 (3.13). We then follow the prescription by Wald [11] [12] [13] (see also [32, 33] apply our general result to various known backgrounds, which include fundamental string [34] , ReissnerNordström black hole, black five-brane [35] and linear dilaton background [36] . We find perfect agreement.
We further consider genuine DFT (or stringy) backgrounds such as null-wave in doubled spacetime [37] and non-Riemannian background [31] . We evaluate their momenta along not only ordinary spatial or temporal directions but also dual directions. We confirm the assertion of Berkeley, Berman and Rudolph [37] that a massless null wave in doubled spacetime is identifiable with a macroscopic fundamental string in ordinary spacetime.
In the Appendix, we relegated some useful technical formulae and detailed analysis of the asymptotic fall-off behaviour at infinity.
Note added: While we were finishing this paper, we became aware of the work by C. Blair [38] , which also studies conserved charges in DFT.
Review: Semi-Covariant Formulation of Double Field Theory
We begin with self-contained review of the semi-covariant formulation of the bosonic DFT for the NS-NS sector [28, 29] and also the Yang-Mills sector [6, 7] . They constitute the massless modes of string theory at leading order in string coupling perturbation theory. For further extensions beyond the leading order,
we refer readers to [39] for fermions, [40] for the R-R sector, and [41] [42] [43] for the (gauged) maximal and half-maximal supersymmetric completions. 3 The DFT is defined over the doubled, (D + 
Using this invariant metric, we freely raise and lower the O(D, D) tensor indices. 3 In particular, thanks to the twofold spin groups, i.e. Spin(1, 9) × Spin(9, 1), the distinction between IIA and IIB disappears [41] , and the maximal D = 10 supersymmetric double field theory unifies IIA and IIB supergravities.
The actual physics is realized in D-dimensional subspace. As the DFT starts with doubled (D + D)-dimensional spacetime, this doubled spacetime must be projected appropriately. We do this by imposing the property that the doubled coordinate system satisfies local equivalence relations [30, 31] , 
The coordinate gauge symmetry can be also realized as a local Noether symmetry on a string worldsheet [31] .
The symmetry under the coordinate gauge transformation (2.3) is equivalent (i.e. necessary [30] and sufficient [31] ) to the section condition [5] ,
Acting on arbitrary functions, Φ, Φ ′ , and their products, the section condition leads to
Diffeomorphism transformation in the doubled-yet-gauged coordinate system is generated by a generalized Lie derivative [1, 44, 45] . Acting on n-indexed field, it is defined bŷ
Here, ω T denotes the weight of the T field. In particular, the generalized Lie derivative of the
The commutator of the generalized Lie derivatives is closed by the C-bracket [1, 3] ,
In the NS-NS sector, dynamical contents of the DFT consist of the dilaton, d(x), and a pair of the projection fields P AB ,P AB , obeying the properties
Further, the projection fields are orthogonal and complementary:
The two projection fields are not independent, since
The dynamical contents are contained (in addition to the dilaton) in the difference of the projection fields
This is the well-known generalized metric [5] , which can be also independently defined as a symmetric O(D, D) element having the properties
The projection fields and dilaton are naturally in the string frame. To facilitate the O(D, D) invariant integral calculus, we assign the scaling weight of these fields as
14)
The central construction of the DFT starts with the semi-covariant derivative, defined by [28, 29] 
The connection is defined by [29] : 4 
Unlike the Levi-Civita connection in the Riemannian Einstein gravity, the diffeomorphism transformation (2.6) cannot put the connection (2.16) to vanish pointwise in doubled spacetime. One may view this as failure of the equivalence principle. This is not surprising since it is know that in string theory the equivalence principle no longer holds due to the Kalb-Ramond field and the dilaton field.
The semi-covariant Riemann curvature calculates the field strength of the connection (2.16):
Here, R ABCD denotes the ordinary Riemann curvature associated with the connection:
A crucial defining property of the semi-covariant Riemann curvature is that, under arbitrary variation of the connection (2.16), its variation takes the form total derivative [29] ,
Further, the semi-covariant Riemann curvature satisfies precisely the same symmetric properties as the ordinary Riemann curvature, including the Bianchi identity,
In addition, when projected by P,P , the semi-covariant Riemann curvature obeys identities [29] ,
As in the Riemannian case, we also define the semi-covariant Ricci curvature as the trace part of the semi-covariant Riemann curvature,
However, unlike the Riemannian case, the above Bianchi identities imply that the Ricci curvature is trace-
The alluded connection (2.16) turns out to be the unique solution to the following five requirements [29] :
25)
27)
The first two relations, (2.25), (2.26) , are the compatibility conditions with all the geometric objects -or the NS-NS sector-in DFT. The third constraint (2.27) is the compatibility condition with the O(D, D)
invariant constant metric, (2.17), which is also consistent with (2.10) and (2.25). The next cyclic property, (2.28), makes the semi-covariant derivative compatible with the generalized Lie derivative as well as with the C-bracket,L
The last conditions (2.29) assert that the connection belongs to the kernel of the triple-projection fields P ABC DEF ,P ABC DEF . They are properties of the connection (2.16) which completes to ensure the uniqueness.
The triple-projection fields carrying six indices,P ABC DEF ,P ABC DEF , used in (2.29), are explicitly given by
which satisfy the 'projection' properties,
They are symmetric and traceless,
The triple-projection fields describe anomalous part of the semi-covariant derivative and the semicovariant Riemann curvature under the generalized diffeomorphism transformations. From 34) it is straightforward to see that the generalized diffeomorphism anomalies are all given by the tripleprojection fields,
Hence, one can easily project out the anomalies through appropriate contractions with the triple-projection fields.
The fully covariant derivatives are obtainable by further projections,
Correspondingly, fully covariant Ricci curvature and fully covariant curvature scalar are 5
Because of the triviality of the semi-covariant scalar curvature, S A A = S AB AB = 0 (2.24), hereafter we use the calligraphic font to denote the nontrivial Ricci curvature and scalar curvature, 'S AB , S '.
A remark is in order at this point. As an alternative to the semi-covariant approach described above, from the outset, one may wish to postulate a "perfectly well-behaving" connection, say Γ CAB , such that
instead of (2.34) and hence there would be no diffeomorphism anomalies like (2.35 ). Yet, this is most likely not true in generic DFT, since such a "perfect" connection cannot always be constructed solely out of the NS-NS sector. It requires extra unphysical degrees of freedom or "undetermined" part [47] . After projecting them out, the final results would be reduced to the semi-covariant formalism.
We now extend the semi-covariant DFT formulation to YM sector. For a given Lie algebra-valued vector potential, V A , the semi-covariant YM field strength is defined by [6, 7] 
(2.38) 5 For the torsionless connection (2.16), the following identities hold as for the completely covariant scalar curvature,
However, it is the expression in (2.37) that ensures the '1.5 formalism' in the supersymmetric DFTs with torsions [41, 42] .
Unlike the Riemannian torsionless case, the connections above are not cancelled but yields non-derivative and non-commutator contribution.
As seen from the generic formula (2.35), the semi-covariant YM field strength is not completely covariant but rather semi-covariant under diffeomorphisms. Again, the anomalous part is parametrized by the triple-projection fields,
Thus, following the general prescription (2.36), the completely covariant YM field strength is
The YM gauge transformation is realized by the action
(2.41)
One finds that a two-derivative scalar fully invariant with respect to both the diffeomorphism and the YM gauge transformations is
Clearly, there appear doubled off-shell degrees of freedom in the (D+D)-component gauge potential. In order to halve them, if wanted, we may impose the 'gauged section condition' [7] :
which, along with the original section condition (2.4), implies
is implicit that the connections are in an irreducible representation of the fields that the covariant derivative acts on.
For consistency, the condition (2.43) is preserved under all the symmetry transformations:
rotations, diffeomorphisms (2.6) and the Yang-Mills gauge symmetry (2.41).
We can construct the DFT action I DFT for the NS-NS sector coupled to YM sector and cosmological constant as 44) where the integral is taken over a D-dimensional section or their 'manifold-like' patch, Σ D . Here, Λ denotes the DFT-cosmological constant [29] . The fully invariant Lagrangian densities are given for each sector by
At the outset, one needs to impose appropriate section condition. Up to O(D, D) duality rotations, the solution to the section condition is locally unique. It is a D-dimensional section, Σ D , characterized by the independence of the dual "winding" coordinates,
Here, the Greek letters are D-dimensional indices on the section Σ D . In this foliation, the whole doubled coordinates are given by
To perform the 'Riemannian' reduction onto the D-dimensional section, Σ D , one only needs to parametrize the projection fields and the dilaton in terms of a D-dimensional Riemannian metric, G µν , an ordinary dilaton, Φ, and a Kalb-Ramond two-form potential, B µν [5] ,
The DFT scalar curvature (2.37) reduces upon the section condition to
where
Up to field redefinitions, Eq.(2.48) is the most general parametrization of the "generalized metric", H AB = P AB −P AB , of which the upper left D × D block is non-degenerate.
The parametrization of the doubled YM vector potential reads from [6] ,
of which the D-dimensional vector, ϕ λ , which is in the YM adjoint representation can be put trivial upon the 'gauged section condition' (2.43) [7] . For the consequent expression of the completely covariant YM field strength in terms of ϕ λ and A µ , we refer readers to (3.19) and (3.21) of [6] . DFT and a doubled sigma model [31] have no problem with describing such a non-Riemannian background, as long as the generalized metric is a symmetric O(D, D) element, satisfying H AB = H BA and
We refer readers to [31] for a concrete example (see also a math literature [46] ).
Off-shell Noether Current, Noether Potential and Global Charge
In this section, we take the DFT of NS-NS sector coupled to YM sector and systematically derive offshell conserved Noether current as well as the corresponding Noether potential which originate from the generalized diffeomorphism gauge invariance. We then construct global charges, expressed in terms of surface integral of modified Noether current that follows from appropriate surface term in the DFT action.
We shall first present the construction for the NS-NS sector and later incorporate the YM sector.
Noether analysis on DFT of NS-NS sector
Recall that dynamical field contents of the NS-NS sector DFT are the projection field P AB and the dilaton field d. Under variation of these fields, variation of the DFT Lagrangian (2.45) takes the structure 6
where Θ A in the last surface term denotes
For infinitesimal variations, (3.1) yields the equations of motion for the projection field, respectively, the dilaton field: 7
So, on the shell, the Lagrangian vanishes: the on-shell action would be given entirely by a surface term one may add to it.
The variation of the connection in (3.2) is given by [29] ,
The last line does not contribute to (3.2) as, from (2.29) and (2.33), the following projection properties follow:
Using also the relations
7 Note the equivalence, PA
we can simplify Θ A into the form
Consider now arbitrary generalized diffeomorphism gauge transformations. They are generated by the generalized Lie derivatives, so
(3.8)
These equations give the O(D, D)-covariant Killing equations in DFT:
From (3.8), it also follows that the connection transforms as [29] 
This is in fact the generic variation (3.4) when restricted to the generalized diffeomorphism gauge transformations.
To derive off-shell conserved Noether current, we start with the covariance of the weight-one Lagrangian under the general diffeomorphism gauge transformation:
It gives the identity: 12) implying that the sum of the first line and the second line should vanish identically. Actually, the above identity (3.12) holds not just for generalized gauge transformations but also for arbitrary local transformations generated by the vector field, X A . Therefore, the first line and the second line of (3.12) ought to vanish independently. 8 Consequently, we obtain an off-shell, covariantly conserved two-index curvature field G AB , which we propose as the DFT counterpart of the Einstein curvature tensor:
and an off-shell, covariantly conserved Noether current,
(3.14)
We can further decompose the conservation law of the generalized Einstein curvature G AB by projecting ∇ A G AB = 0 with P orP . We obtain a pair of conservation relations:
which can be re-expressed as
We see that these conservation relations are precisely the 'differential Bianchi identities' obtained previously in [47] . While the difference of the two projected curvatures in (3.15) yields back the generalized Einstein tensor (3.13), their sum leads to nothing new. Rather, it yields the conservation relation of 'symmetric' Einstein curvature tensor:
8 For those readers not convinced, consider the case where the vector field X A is a distribution on an arbitrary point as a Dirac delta function and integrate (3.12) over a section. This will confirm that the first line vanishes by itself.
Note also that the equations of motion (3.3) are equivalent to the vanishing of the generalized Einstein curvature,
Note that the off-shell, conserved Noether current is expressible as 19) and, also in terms of the Einstein curvature tensor and the Θ-term (3.7), as
This then leads to the on-shell Noether current:
Taking the divergence, we obtain
Indeed, the right-hand side vanishes either on-shell or, alternatively, for a Killing vector, X A , satisfying (3.9). We would like to further re-express the Noether current such that conservation relation is manifest.
We do so by searching for a skew-symmetric Noether potential, K AB , in terms of which the off-shell conserved Noether current is given by
In this form, the conservation relation is manifest up to the section condition. Note that Φ∂ A Φ ′ takes the generic form of a 'derivative-index-valued vector' [30] which generates the coordinate gauge symmetry (2.3). As such, upon imposing the section condition, it is automatically conserved. Moreover, it will not contribute to the global charge in the next subsection, which is defined on a given choice of the section by the spatial integral of the conserved charge density. Hence, we may freely drop off such derivativeindex-valued vectors and take the Noether current up to the derivative-index-valued-vectors as
To find explicit expression of the Noether potential, we utilize the projection field identities (2.22) and commutator relations: 25) and rewrite the off-shell conserved current J A in the form
This expression naturally suggests to define the skew-symmetric Noether potential as
With this definition, we finally get
In going from (3.26) to (3.28), one needs to take care of the semi-covariant derivative connections. It turns out that they merely yield derivative-index-valued vectors, as in the second line of (3.28). For this, it is worth to note that Γ A BC P B DP C E = (P ∂ A PP ) DE is a derivative-index-valued vector as well.
Conserved Global Charges
We now proceed to construct conserved global charges, which will constitute generators of asymptotic symmetry algebra. The starting point is the two-form Komar function. While our Noether potential (3.27) can correctly reproduce the two-form Komar integrand, it is well known that the Komar integrand itself needs to be further corrected [11] [12] [13] (see also [32] and references therein). Here, we derive such a correction and define a corresponding conserved global charge.
We start by rewriting the semi-covariant four-index Riemann curvature in terms of the semi-covariant derivative acting on the connection:
This enables us to isolate the two-derivative terms ('accelerations') from the one-derivative terms ('velocities') in the DFT Lagrangian:
Motivated by this observation, we define a composite vector field:
Note that this is not quite a diffeomorphism covariant vector: because of (2.34), B A transforms anoma-
Only if the vector field X A can be restricted to satisfy ∂ B ∂ [C X D] = 0, the composite vector field B A transforms covariantly under the generalized diffeomorphism gauge transformations. We will see momentarily that this condition can be arranged by modifying the Noether potential in a specific way.
The idea is that we would like to remove the two-derivative terms. To do so, we consider modifying the DFT Lagrangian with a specific surface term:
The idea is analogous to the modification of the Einstein-Hilbert action to the Schrödinger action a la Dirac [48] that is free of two-derivative terms. While the equations of motion remain intact, the theta term in the variation of the Lagrangian, (3.1), gets modified to 34) such that the new theta term, Θ A (d, P, δd, δP ), no longer contains the derivative of the variations. In particular, for the generalized diffeomorphism gauge transformations, we have from (3.32) that
The off-shell Noether current (3.20) now receives extra contributions
(3.36)
Correspondingly, we have the modified Noether potential
We need to ensure that the modified Noether current is conserved. Taking the divergence, one finds that
Thus, the modified off-shell Noether current is not always conserved. However, we can ensure the conservation relation provided we impose the diffeomorphism vector field to obey the condition 39) or more strongly the condition
Wonderfully, the latter condition is precisely the condition we needed in order to ensure the composite vector field B A transform covariantly (3.32). The simplest example of such restricted vector field is when X A is a constant vector, corresponding to a rigid translation in doubled spacetime.
With the conserved modified Noether current at hand, we finally obtain the conserved global charge as surface integral:
.
(3.41)
Here, M denotes a timelike hypersurface inside the section, Σ D = R t × M, while ∂M corresponds to its asymptotic boundary.
Intuitively, we can also motivate the conserved global charge proposed above from the method adopted by Wald [11] [12] [13] . Modulo the equations of motion, the variation of the on-shell conserved Noether current (3.21) reads
where Ω A denotes the (Hamiltonian) symplectic structure defined by
The above variation (3.42) then reveals an on-shell relation
Again, the last term is a derivative-index-valued vector and can be dropped off when integrated over a section. Finally, by assuming proper asymptotic fall-off behaviour at infinity, the left-hand side of (3.34)
can be made to vanish at infinity 9 . This facilitates to approximate
(3.45)
The final expression then supports the validity of our proposed expression for the conserved global charge (3.41). 9 See Appendix B for explicit demonstration of this for the asymptotically flat hypersurface.
Extension to Yang-Mills and Cosmological Constant Sectors
A proper account of low-energy string theory requires inclusion of the Yang-Mills sector and the cosmological constant in addition to the NS-NS sector. Here, we consider the DFT in which the NS-NS sector is coupled to Yang-Mills sector and the cosmological constant is included (2.44), 46) and construct corresponding extension of the conserved global charges.
Consider arbitrary variations of the projection field and the vector potential,
This induces variation of the YM part in the DFT Lagrangian as
For local variations, from the first line, we find the YM equation of motion: 10
From the second line in (3.48), we find that the equation of motion of the projection field changes from
We also recall that the equation of motion of the dilaton is now modified to
10 It is useful to note
Once again, the DFT Lagrangian vanishes on-shell. For consistency, from (2.39) and (2.41), it is straightforward to check that
is indeed fully covariant under both the generalized diffeomorphisms and the YM gauge transformations.
The last line in (3.48) is the YM contribution to Θ A . Then, in steps completely parallel to the analysis of the NS-NS sector DFT as carried out in section 3.1, we can straightforwardly obtain the off-shell conserved
Noether current associated with the diffeomorphism transformation to the total DFT. Modulo the part identifiable with derivative-index-valued-vectors, we get
The conserved global charge is now generalized to
It is worth to note that the cosmological constant term does not contribute to the global charges.
Applications
In this section, we apply the general formula of the conserved global charge (3.41) to various asymptotically flat string backgrounds. In sections 4.2 and 4.3, we consider the null wave solutions in DFT [37] and calculate their ADM 2D-momenta, which are the conserved global charges associated with the global translations. In section 4.4, by performing further dualities, we discuss the 2D-momentum for a nonRiemannian background reported in [31] . In section 4.5, as a demonstration for the YM-coupled DFT, we consider the Reissner-Nordström black hole. In section 4.6, we consider the background of black 5-branes. Finally, in section 4.7, as an application to a non-asymptotically flat background, we consider a linear dilaton background and show that the known result can be correctly reproduced by introducing an extra counterterm to the boundary.
Henceforth, we fix the D-dimensional section, Σ D , to be independent of the winding coordinates,x µ , as in (2.46). Further, we decompose the generalized metric into a constant part and a fall-off part, 
and define the radius respectively by Then, in terms of the radius, we assume a simple fall-off behaviour, given in Appendix A, and its µν components with a Riemannian parametrization (2.48) become
where ξ µ;ν is the conventional Riemannian covariant derivative and X A is parametrized in a manner par-allel to (2.50) by
As this parametrization suggests, in this paper, we define the ADM 2D-momentum as 
Pure Einstein gravity
Here, considering the pure Einstein gravity, i.e.
we show that the ADM mass, P t , defined on (4.8), evaluated for a background with M = R D−1 , correctly reproduces the well-known ADM mass formula [49] ,
wheren k ∂ k = ∂ r is a radial vector that becomes a unit vector at infinity.
From B µν = 0, the DFT-Noether potential (4.6) is reduced to the standard Komar potential:
On the other hand, B µ , in the Cartesian coordinates, simply becomes
In particular, the identically conserved current, ∂ ν (δ [µ λ B ν] ), corresponds to the Einstein pseudo-tensor a la Dirac [48] .
Our definition of the ADM mass is now
and we have as r goes to infinity,
These precisely coincide with the known results of [12] . Finally, summing them up and using the expression for the integral measure at the spatial infinity, we have
Recalling that we are choosing a unit 2κ 2 D = 1(= 16πG N ), we thus obtain the ADM mass formula (4.10).
Null Wave
We here consider the null-wave solution of DFT [37] 
17)
where γ D is a certain constant which depends on the dimension, D. This is another purely gravitational solution in D-dimensions:
Here, we compactified the z-direction with a radius R z , in order to make the value of the global charge finite. The remaining y m directions are treated as non-compact.
In this background, using ∂ µ d = 0 and
Then, it is straightforward to show that the ADM energy and the momentum in the z-direction becomes
Here, ∂M is the surface of constant t and r= R in the R → ∞ limit, and Ω D−3 is a surface area of a (D − 3)-sphere with a unit radius;
As the momenta in other directions are trivial, the 2D-momentum becomes 25) which is indeed a null vector at the flat spatial infinity:
For D = 10, in our unit of 2κ 10 = 1, the constants become
Namely, the ADM energy and the momentum have just the expected values:
Fundamental String
As it was pointed out in [37] , the string background can be also constructed by considering a null wave propagating in a winding directionz. Starting from the doubled wave solution, by performing a T -duality along the z direction, one can obtain
This corresponds to the following D-dimensional Riemannian background:
31) 32) which recovers the fundamental string background originally found in [34] , up to a constant gauge shift in the B-field.
For this string background, in a manner similar to the null-wave case, we obtain, at infinity,
Therefore, the nontrivial momenta are
As these are the only non-zero components, the ADM momentum in the string background becomes , which corresponds to the T -duality along the z direction,
Further, from this duality relation, we identify n 10 = 1/R z = (2πR z ) × (2πl 2 s ) −1 for D = 10, which is the correct known mass for a fundamental string winding in the z direction.
Before proceeding further to the next example, let us comment on two aspects of the ADM momentum.
• String winding charge. We can identify the well-known string winding charge (along z direction)
given by 38) as the global charge, Q[∂ z ], for the winding directionz, i.e. ADM momentum along the dual direction. Here, let us focus on a spacetime of toroidal topology, M = S z × R D−2 , such that a string is winding along the compactified z direction. The momentum in the dualz direction reads
By using the formula (4.6), the DFT-Noether potential becomes, restricted on the section,
Therefore, the ADM momentum becomes
where θ a (a = 1, . . . , D − 3) are angular coordinates. Namely, the well-known flux integral for the string winding charge (in the z direction) precisely matches with the quasi-local ADM momentum in thez-direction. This supports the idea [37] that strings are waves in doubled spacetimes.
• Physical ADM momentum. Let us consider a constant shift of the B-field in the string background 
Non-Riemannian Geometry T-dual to Fundamental String
Now, in order to obtain a non-Riemannian background, we further perform double T -duality transformations along the isometric t-and z-directions (see (5.23) in [31] for the explicit form). Through the O(D, D) rotations 11 , the (t, z,t,z) part of the generalized metric, H AB , has the following form:
Then, in the c → 0 limit, the upper-left (2 × 2) block vanishes which would correspond to the inverse of the Riemannian metric. Namely, this background becomes singular in the conventional Riemannian sense, and accordingly is called a non-Riemannian background [31] .
In this background, from the asymptotic form 45) we obtain the ADM 2D-momentum for the non-Riemannian (n-R) background, 12
In this case, the ADM energy, which depends on the parameter, c, can have a negative value. used this rotation as a solution generating method. For discussions of related subtle issues, see [50, 51] . 12 For the non-Riemannian case, in order to calculate the ADM momentum explicitly, we need to use a general formula (A.4), instead of (4.6). Further, since we cannot define bµν for the non-Riemannian case, the ADM momentum should be defined using a different parametrization the generalized metric, see e.g. [52] .
Reissner-Nordström Black Hole
As a simplest example in the YM-coupled DFT, let us consider the Reissner-Nordström black hole,
The doubled vector potential satisfies (2.43) and is parametrized by V A = (0, A µ ). Consequently, we have
18) of [6] .
In this background, the global charge (3.55) becomes
From the asymptotic behaviour, f tr A t ∝ r −(2D−5) , the last term does not contribute to the surface integral.
The nontrivial contributions come from
such that we can recover the correct ADM mass, 13
Black Five-Brane
Here, we consider the black 5-brane, whose background reads [35] :
53) 54) where ǫ 3 is the volume element on the unit 3-sphere, satisfying S 3 ǫ 3 = 2π 2 , and r ± is the radius of the outer and the inner horizons. In order to make the conserved charges finite, we assumed that the 13 If we make a constant shift in the gauge field, Aµ → Aµ + aµ, the f tr At term also gives a contribution to the ADM mass;
YM Q at, which depends on the free parameter, at. Like the definition of the ADM momentum given in (4.8), we can define a gauge invariant combination,
z s -directions to be a five-torus with the volume, V T 5 . In the extremal limit, r + → r − , this background approaches that of the NS5-brane.
In the Cartesian coordinates, we obtain the asymptotic form,
As it is expected, the only non-vanishing component of the ADM momentum is the ADM energy, 56) which reproduces the known result, (3.14) in [53] , especially the mass of the NS5-brane as the extremal limit, r ± → N 1/2 l s . Note that the ADM momentum is timelike in this background,
As expected, unlike the case of the fundamental string, the charge of the NS5-brane does not appear as the ADM momentum. The charge of the NS5-brane will appear as the NUT charge in doubled spacetime since it is T -dual to the Kaluza-Klein monopole, which has the NUT charge. Another possibility is that, as discussed in [54, 55] , since monopoles are simultaneously interpreted as null waves in the 'Exceptional
Field Theory', it may be possible to describe the charge of the NS5-brane as an ADM momentum in the extended spacetime.
Linear Dilaton Background
Finally, we demonstrate that our general formula (3.41) is also applicable for a non-asymptotically flat background by adding a suitable counterterm as a boundary action.
As an example of a non-asymptotically flat background, consider the asymptotically linear dilaton background, which can be obtained by taking a decoupling limit and performing a coordinate transformation [36] :
58)
Here, r 0 is the corresponds to the outer horizon and N corresponds to the number of the five-branes.
In this case, we have
Since the constant term in B r gives a divergent value to the conserved charge, we add the following boundary term to the action:
Here, h is the induced metric on the boundary, R t × ∂M, which is in our case a constant r surface, and b 0 is a function of h. This corresponds to the shift in B A by
wheren A := H AB n A and n A denote the unit normal vector at the boundary, H AB n A n B = 1. 14 In the present case, its asymptotic form becomesn A ∂ A ≈ ∂ r . Thus, the shift simply changes B r component as
Here, we simply choose b 0 as the minus of the leading term in B r , evaluated on the extremal background, r 0 = 0; b 0 = 4/(N 1/2 l s ). We then obtain
Therefore, the ADM mass, which is the only non-vanishing component of the ADM momentum, becomes
This result matches with (138) in [56] , where the mass was obtained from an approach of Brown and
York [27] as well as of Hawking and Horowitz [57] . See also (6.17) of [58] , where another approach was used.
14 Note that nA is defined through Stokes' theorem for an arbitrary vector,
We note that n A = J AB nB is different fromn A appearing in (4.62). Similarly, the normal vector,n k ∂ k , appearing in (4.10)
should be also understood as the D-dimensional components ofn A .
Discussion
In this paper, we formulated the conserved Noether current and associated global charges of the massless sector of string theory in the DFT approach. The result is manifestly O(D, D)-covariant. We checked the result against various string theory backgrounds, not only geometric but also non-geometric, and found that the result yields the right answers in all cases.
There are further directions our result can be extended. One would like to include the R-R sector fields and also to substantiate fermionic Noether currents and fermionic global charges as odd-grading part of supersymmetric asymptotic symmetries in superstring theories.
The most interesting and important applications of our result would be for non-geometric backgrounds, either from exotic branes or exotic fluxes. As a step torward this goal, we also apply our formula to the This agrees with the result in [60, 61] , and can be viewed alternative derivation starting from our manifestly O(D, D) covariant formulation. If we follow the ad hoc procedure in [60, 61] , H(r) → 1 as r → ∞, we obtain the known ADM mass for the 5 2 2 -brane background,
We intend to report our further progress in the above directions in future works.
A DFT-Noether potential
Here, we obtain explicit expressions for the DFT-Noether potential defined in (3.27):
Using the identity,
the DFT-Noether potential becomes
Then, further using a parametrization (4.7) and the strong constraint,∂ µ = 0, we obtain
Lastly, from the parametrization of the generalized metric (2.48), we can obtain the expression of (4.6).
B Fall-off behaviour at infinity in the asymptotically flat case
Here, we show that the left-hand side of (3. 
C Conserved global charge in Einstein frame
Our formula (3.41) for the conserved global charge, restricted on the section, can be summarized as
where we parametrized the O(D, D)-covariant DFT field variables in terms of the conventional Riemannian fields in string frame. In this appendix, we obtain the corresponding expression in terms of the Einstein frame metric.
In order to obtain the expression, we use the definition of the Einstein frame metric, 
